Introduction
At the moment the neutrinoless ββ (0νββ) decay is the only practical means of accessing the possible Majorana nature of the neutrino. In order to proceed the decay requires the violation of lepton-number conservation and a non-zero neutrino mass. There are a host of different possible mechanisms which mediate the decay. The 0νββ decay is related to nuclear structure via the nuclear matrix elements (NMEs), calculated in many different theory frameworks (see the reviews [2] [3] [4] [5] ), e.g. the quasiparticle random-phase approximation. [6] [7] [8] Due to its great potential to revolutionize the field of electroweak interactions, the 0νββ has attracted and continues to attract intense experimental interest. The presently running 0νββ experiments include AURORA, GERDA, NEMO-3, COBRA, CUORE, EXO and KamLANDZen. [9] [10] [11] [12] [13] [14] [15] The future experiments include Majorana, SuperNEMO, MOON, AMoRE, LUMINEU, CUPID, SNO+, NEXT, and PandaX-III. [16] [17] [18] [19] [20] [21] [22] [23] [24] Some of these secondorder processes compete with extremely retarded first-order processes, namely β decays in the 48 Ca − 48 Sc − 48 Ti system 25, 26 and in the 96 Zr − 96 Nb − 96 Mo system. 27, 28 Many of the listed experiments are based on liquid scintillators which have light nuclei as cosmogenic backgrounds. Also very heavy nuclei like 214 Bi can be a dangerous background in 0νββ experiments.
At the present there are many candidates for the WIMPs (weakly interacting massive particles). Probably the most popular one is the LSP (lightest supersymmetric particle). [29] [30] [31] [32] [33] [34] [35] The WIMPs are expected to be non-relativistic and they can be detected by their scattering on atomic nuclei. There is a vast number of direct dark-matter detection experiments with different target materials: XENON10, XENON100, XMASS, ZEPLIN, PANDA-X, LUX, CDMS, CoGENT, EDELWEISS, DAMA, KIMS, PICASSO, ADMX, CDEX, CRESST, DarkSide, DMTPC, DRIFT and SIMPLE. [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] Many of these experiments suffer from backgrounds produced by unknown β-spectrum shapes.
A further interesting application of the β-spectrum studies is the reactor antineutrino anomaly (RAA). 55 The antineutrino spectra in the nuclear reactors result from the long uranium and plutonium α and β − decay chains and the subsequent fission used as fuel to drive the energy production in the nuclear power plants. In the RAA the experimentaly measured antineutrino flux is lower than what is expected from the β decays of the nuclear fission fragments deduced from nuclear data with some approximations. 56 The method of virtual β branches [57] [58] [59] has been used to aid in the process of collecting the cumulative β spectra responsible for the estimated theoretical antineutrino flux. The involved β decays go partly by forbidden transitions that cannot be assessed by the present nuclear data, but instead, could be calculated by the formalism introduced in. 60, 61 The mesured flux is some 6(2)% lower making this a rough 3σ deviation. 62 Possible shortcomings of the used analysis methods have been pointed out in.
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Beyond the half-life analyses (see, e.g., [64] [65] [66] [67] [68] ) the β-spectrum shapes can also be used to pin down the effective value of the weak axial-vector coupling strength g A in forbidden non-unique β decays. In some β-decay transitions the shape of the β spectrum is quite sensitive to the variations in the value of g A . This feature can be utilized in determining the value of g A for forbidden β transitions. This method is called the spectrum-shape method (SSM) and was introduced in. 70 Further systematic studies using the SSM were performed in. 61, 71, 72 The status of the effective values of g A in β and ββ decays is summarized in 73 and the impact of the effective values of g A on the sensitivities of the presently running and future ββ-decay experiments has been discussed in. 74 The spectrum-shape method can also be used to study the enhancement in the axial-charge matrix element (for an overwiev of the problem, see 73 ) for the first-forbidden non-unique J + ↔ J − transitions.
Schematic outline of the theory
In the allowed nuclear β − (β + ) transitions the emitted leptons, electron antineutrino and electron (electron neutrino and positron) carry away zero units of orbital angular momentum. The 0 or 1 units of change in the nuclear spin is compensated by the anti-alignment or alignment of the spins of the leptons. For the forbidden β decays the emitted leptons carry away at least one unit of orbital angular momentum, and thus the decay amplitude is suppressed by a factor of qR ∼ 0.01 or its higher powers. Here R ∼ few fm is the nuclear radius and q ∼ 1MeV is the momentum of the leptons. This means that the decay probability is suppressed by a huge factor (roughly by 10 −4 ) each time the forbiddenness increases by one unit.
Forbidden unique β decays
The forbidden unique β transitions are the simplest ones that mediate β decays between nuclear states of (large) angular-momentum difference ∆J. In particular, if one of the states is a 0 + state, then for a K th forbidden (K = 1, 2, 3, . . .) unique beta decay the angular momentum of the other involved state is J = K + 1. At the same time the parity changes in the odd-forbidden and remains the same in the even-forbidden decays. 75 The change in angular momentum and parity for different degrees of forbiddenness is presented in Table 1 , and they obey the simple rule 
The theoretical half-lives t 1/2 of K th forbidden unique β decays can be expressed in terms of reduced transition probabilities B Ku and phase-space factors f Ku . The B Ku is given by the NME, which in turn is given by the single-particle NMEs and one-body transition densities. Then (for further details see 75 )
where J i is the angular momentum of the mother nucleus and κ is a constant with value
with G F being the Fermi constant and θ C being the Cabibbo angle. The phase-space factor f Ku for the K th forbidden unique β ± decay can be written as
where C Ku is the shape factor for K th forbidden unique β decays which can be written as (see, e.g., 75, 77 )
where the indices k e and k ν (both k = 1, 2, 3...) come from the partial-wave expansion of the electron (e) and neutrino (ν) wave functions. Here w e is the total energy of the emitted electron/positron, p e is the electron/positron momentum, Z f is the charge number of the daughter nucleus and F 0 (Z f , w e ) is the Fermi function taking into account the coulombic attraction/repulsion of the electron/positron and the daughter nucleus a . The factor λ ke contains the generalized Fermi function F ke−1
78
as the ratio
The integration is performed over the total (by electron rest-mass) scaled energy of the emitted electron/positron, w 0 being the endpoint energy, corresponding to the maximum electron/positron energy in a given transition. The NME in (2) can be expressed as
where the factors M (Ku) (ab) are the single-particle matrix elements and the quantities (ψ f ||[c † acb ] K+1 ||ψ i ) are the one-body transition densities with ψ i being the initial-state wave function and ψ f the final-state wave function. The operator c † a is a creation operator for a nucleon in an orbital a and the operatorc a is the corresponding annihilation operator. The single-particle matrix elements are given (in the Biedenharn-Rose phase convention) by
where Y K is a spherical harmonic of rank K, σ a vector containing the Pauli matrices as its components, r the radial coordinate, and a and b stand for the single-particle orbital quantum numbers. The NME (8) is given explicitly in. 
Forbidden non-unique β decays
In the forbidden non-unique β decay the half-life can be given, analogously to (2), in the form
a For positron emission the change Z f → −Z f has to be performed in F 0 (Z f , we) and
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whereC is the dimensionless integrated shape function, given bỹ
with the notation explained in Sec. 2.1. The general form of the shape factor of Eq. (10) is a sum
where the factor λ ke was given in (6) and Z f is the charge number of the final nucleus. The indices k e and k ν (k = 1, 2, 3...) are related to the partial-wave expansion of the electron (e) and neutrino (ν) wave functions, K is the order of forbiddenness of the transition, and γ ke = k 2 e − (αZ f ) 2 , α ≈ 1/137 being the fine-structure constant. The nuclear-physics information is hidden in the factors M K (k e , k ν ) and m K (k e , k ν ), which are complicated combinations of different NMEs and leptonic phase-space factors. For more information on the integrated shape function, see.
78, 79
The shape factor C(w e ) (11) can be decomposed into vector, axial-vector and mixed vector-axial-vector parts in the form
The same is true for the shape function of the forbidden unique decays (5) when the so-called next-to-leading-order terms are added to the leading ones. 61, 70 Integrating equation (12) over the electron kinetic energy, we obtain an analogous expression for the integrated shape function (10)
where the factorsC i in Eq. (13) are just constants, independent of the electron energy.
Contaminants in rare-events searches
There is a long list of common background contaminants in dark-matter and rareevents experiments. 80 Usually the β-spectrum shapes of the corresponding β decays have not been measured or computed. Below we give few examples of the β spectra that have also been measured, but quite long time ago (during the 50's). More such spectra will be presented elsewhere as a separate compilation.
The long-lived potassium isotope 40 K is a common pollutant in the environment and in many materials. In Fig. 1 the normalized electron spectrum (the superficial area is normalized to unity) for the β − decay of 40 K is presented. The dominant decay channel (89.28%) is the third-forbidden unique β − decay to the ground state of 40 Ca. 81 The electron spectra have been computed by using the interacting shell model (ISM) with two different effective interactions: sdpfu 82 and sdpfk. 83 The wave functions were calculated by restricting the protons to the sd shell and neutrons to the sdf 7/2 valence space, thus permitting configuration mixing for the doubly magic nucleus 40 Ca. An old measurement of the β-spectrum shape has been reported in.
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The β + decay of 22 Na is a common pollutant in the Ge-based experiments. 85 In Fig. 2 the normalized positron spectrum for the second-forbidden unique groundstate-to-ground-state β + decay of 22 Na is depicted. The spectra have been calculated in the sd valence space using the ISM with three different interactions, namely usda, usdb and usde. 86 The Q-value of this decay is known quite accurately. 87 An old measurement of the β spectrum has been reported in.
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The β − decay of 60 Co is a common pollutant in the environment and in Ge-based experiments. 85 In Fig. 3 the normalized electron spectra for the second-forbidden unique β − decay of 60 Co to the first 2 + state in 60 Ni is shown for five different values for g A . The β spectra have been calculated by using the ISM with the Horie-Ogawa interaction. 89, 90 Due to the large number of valence nucleons in the pf shell the calculations were truncated to the proton-0f 7/2 -neutron-1p0f 5/2 subspace. Though the dominant decay channel is the allowed decay to the first 4 + state in 60 Ni there is a small branching (0.12%) to the first 2 + state in 60 Ni. 91 The decomposition (12) suggests that the spectrum shape could be g A dependent. It can be seen in the figure, however, that the next-to-leading-order corrections to the β-decay shape factor are not strong enough to make the spectrum shape g A dependent. An old measurement of the β-spectrum shape has been reported in. Fig. 2 . Normalized β spectrum for the second-forbidden unique ground-state-to-ground-state β + decay of 22 Na calculated by using three different shell-model interactions. The value g V = 1.00 was adopted in the calculations. Fig. 3 . Normalized β spectra for the second-forbidden unique β − decay of 60 Co to the first 2 + state in 60 Ni. The value g V = 1.00 was adopted in the calculations and the color coding represents the different adopted values for g A .
Reactor antineutrino anomaly
While the actual cumulative β spectra leading to the RAA and emerging from the decays of the fission fragments are numerous, not all of them contribute in equal amounts. Then the cumulative β spectra can be nicely fit by just a quite limited number of virtual β spectra emerging from non-existent fictional β branches.
57-59
A shortcoming of this procedure is that all the virtual branches are assumed to be described by allowed β-spectrum shapes. Also adding information from the nuclear database is not accurate enough due to deficiencies in this information. Out of the several thousand β branches taking part in the cumulative β spectra the majority are allowed Fermi and Gamow-Teller decays. Forbidden decays become increasingly unlikely with increasing degree of forbiddenness.
The most important β branches taking part in the cumulative β spectra of the RAA were identified in 93 63 allowed β spectrum shapes were assumed also for the forbidden transitions, like the first-forbidden decays listed above. Thus, it is of paramount importance to compute the shapes of the β spectra associated to the above-listed key transitions and compare these spectra with the allowed shape to see the error made in the allowed approximation. The computation of the proper spectral shapes can be done by using the formalism of sections 2.1 and 2.2. An example of the application of the formalism is presented in Fig. 4 where the ISM-computed firstforbidden non-unique ground-state-to-ground-state β − decay of 140 Cs is depicted and compared with the allowed spectrum shape. The used interaction is jj56pnb 69 in the proton 3s − 2d − 1g 7/2 and neutron 3p − 2f − 1h 9/2 valence space. As can be seen there is a notable deviation from the spectrum shape of an allowed transition with the same Q-value. In this case there is also some dependence of the spectrum shape on the value of g A and in other key transitions this could be the case as well, as suggested by the decomposition (12) . The effects stemming from the uncertainty in the value of g A have also been neglected in the analyses of the RAA thus far.
Spectral shapes and the effective value of g A
In 70 it was found that the shapes of β spectra could be used to determine the values of the weak coupling strengths by comparing the computed spectrum with the measured one for forbidden non-unique β decays. This method was coined the spectrum-shape method (SSM). In this study also the next-to-leading-order corrections to the β-decay shape factor were included. In 70 the β-electron spectra were studied for the 4th-forbidden non-unique ground-state-to-ground-state β − decay branches 113 Cd(1/2 + ) → 113 In(9/2 + ) and 115 In(9/2 + ) → 115 Sn(1/2 + ) using the microscopic quasiparticle-phonon model (MQPM) 94 and the ISM. It was verified by both nuclear models that the β spectrum shapes of both transitions are highly sensitive to the values of g V and g A and hence comparison of the calculated spectrum shape with the measured one opens a way to determine the values of these Instructions for typing manuscripts (paper's title) 9 Fig. 4 . Normalized β spectrum for the first-forbidden non-unique ground-state-to-ground-state β − decay of 140 Cs. The value g V = 1.00 was adopted in the calculations and the color coding represents the different adopted values for g A . The allowed spectrum shape is plotted for comparison.
coupling strengths
b . As a by-product it was found that for all values of g A the best fits to data were obtained by using the canonical CVC value g V = 1.0 for the vector coupling strength. The work of 70 was extended to other nuclei and nuclear models in. 61, [70] [71] [72] In these studies it was found that the SSM is very robust, quite insensitive to the adopted mean field and nuclear model and its model Hamiltonian used to produce the wave functions of the participant initial and final nuclear states. Table 2 . List of forbidden non-unique β − -decay transitions and their sensitivity to the value of g A . Here J i (J f ) is the angular momentum of the initial (final) state, π i (π f ) the parity of the initial (final) state, and K the degree of forbiddenness. The initial state is always the ground state (gs, column 2) of the mother nucleus and the final state is either the ground state (gs) or the n f : th, n f = 2, 3, excited state (column 3) of the daughter nucleus. The branchings to the indicated final states are practically 100% in all cases. Column 4 indicates the sensitivity to the value of g A , and the last column lists the nuclear models which have been used (thus far) to compute the β-spectrum shape. Here also references to the original works are given.
Transition J Examples of possible g A dependencies are given in the previously discussed Fig. 4 b This effect was overlooked in the earlier studies in Refs. 79, 95 Tl were calculated using the interaction khhe 96 in a valence space spanned by the proton orbitals 0g 7/2 , 1d, 2s and 0h 11/2 , and the neutron orbitals 0h 9/2 , 1f , 2p and 0i 13/2 . For the heavier nuclei, 210 Bi and 214 Bi, the interaction khpe 96 was adopted. For 210 Bi the valence space was spanned by the proton orbitals 0h 9/2 , 1f , 2p and 0i 13/2 , and neutron orbitals 0i 11/2 , 1g and 2d 5/2 . For 214 Bi excitations to the neutron 2d − 3s orbitals were not allowed to reduce the formidable computational burden.
The β-spectrum shapes of 207 Tl and 214 Bi are only slightly g A dependent, but for
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210 Bi the dependence is extremely strong. This makes 210 Bi an excellent candidate for the application of the SSM. This is so far the only known first-forbidden β transition with a strong g A dependence. There is also an old β-spectrum measurement reported in. 97 Other strongly g A dependent decay transitions are listed in Table 2 . Table 2 summarizes the exploratory works of 61, [70] [71] [72] in terms of listing the studied β-decay transitions which are potentially measurable in rare-events experiments. Usually only the non-unique forbidden β-decay transitions can be sensitive enough to g A to be measured even when the next-to-leading-order terms are included in the β-decay shape factor. 70 
Enhancement of the axial-charge matrix element
The enhancement of the axial-charge NME γ 5 due to nuclear medium effects in the form of meson-exchange currents was first suggested nearly four decades ago.
98-100
An enhancement of 40-70 % over the impulse-approximation value was predicted based on chiral-symmetry arguments and soft-pion theorems. This enhancement seems fundamental in nature and insensitive to nuclear-structure aspects.
101, 102
Systematic shell-model studies of the γ 5 matrix elements in the A ≈ 16, A ≈ 40, and A ≈ 208 regions indicated enhancements of 60-100%. [103] [104] [105] In 106 the exceptionally large enhancement of the γ 5 NME in heavy nuclei, witnessed in the shell-model studies of Warburton, 105 was reproduced by introducing an effective Lagrangian incorporating approximate chiral and scale invariance of the QCD.
The γ 5 NME is one of the two rank-zero matrix elements contributing to firstforbidden ∆J = 0, J + ↔ J − , transitions. It plays quite an important role in the decay rates of many of these transitions. Therefore, a significant enhancement of this matrix element can also affect the shapes of the corresponding beta spectra.
For our discussion we adopt the expansion of Behrens and Bühring, 78 where in the leading order the non-relativistic reduction produces two NMEs that mediate J + ↔ J − type of decay transitions, see. 61 These NMEs correspond to the operators
where r is the radial coordinate, p e is the electron momentum and σ contains the Pauli matrices. Here the enhancement of the γ 5 NME (σ · p e in the non-relativistic reduction) is included in the coupling strength by
where the enhancement ε MEC stems from the meson-exchange currents (MEC). In this work we include also the next-to-leading-order terms in the Behrens-Bühring expansion. 78 The atomic screening effects and radiative corrections are also included in the shape factor. Details of the formalism can be found in Ref.
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Our ISM calculations were performed in the following valence spaces: For the decay of 95 Sr a model space including the proton orbitals 0f 5/2 , 1p 3/2 , 1p 1/2 and 0g 9/2 , 12 Authors' Names Fig. 6 . Normalized β spectra for the first-forbidden non-unique ground-state-to-ground-state β − decay of 95 Sr. The value g V = 1.00 was adopted in the calculations and the color coding represents the different adopted values for g A and the enhancement (ε MEC ) of the axial charge. Fig. 7 . Normalized β spectra for the first-forbidden non-unique ground-state-to-ground-state β − decay of 135 Te. The value g V = 1.00 was adopted in the calculations and the color coding represents the different adopted values for g A and the enhancement (ε MEC ) of the axial charge.
and the neutron orbitals 1d 5/2 , 1d 3/2 and 0s 1/2 was used together with the interaction glbepn. 107 The interaction glbepn is a bare G-matrix interaction which also has an adjusted version glepn, where two-body matrix elements from Gloeckner 108 and Ji and Wildenthal 109 have been adopted. The decay of 135 Te was calculated using a model space spanned by the proton orbitals 0g 7/2 , 1d 5/2 , 1d 3/2 , 2s 1/2 and 0h 11/2 , and the neutron orbitals 0h 9/2 , 1f 7/2 , 1f 5/2 , 2p 3/2 , 2p 1/2 and 0i 13/2 with the effective interactions jj56pnb 110 Examples of possible g A and g A (γ 5 ) dependencies of β spectra are given in Figs. 6 and 7 where the ISM-computed first-forbidden non-unique ground-state-to-ground-state β − decays of 95 Sr and 135 Te are depicted. It is seen that neither the effective value of g A nor the enhancement (16) of g A (γ 5 ) affect the spectrum shape in an easily measurable way. Hence, in these cases the comparison with the experimental half-lives is the only way to pin down the amount of enhancement (16) , and its possible mass dependence, in the axial-charge NME. Only a further exploratory work could tell if there are nuclear transitions where the β spectra are sensitive to the value of g A (γ 5 ). It should also be borne in mind that the spectrum shapes of J + ↔ J − transitions play an important role in the investigations of the validity of the RAA.
Conclusions
In this article the electron-spectrum shapes are discussed for β-decay transitions that are important as contaminants in rare-events searches, as integral ingredients in the reactor antineutrino anomaly and sensitive to the effective value of the weak axial-vector coupling constant g A and the weak axial charge. Quite little is known experimentally about β-spectrum shapes, in particular for the forbidden β decays. This is why theoretical calculations can assist in identification of dangerous backgrounds in rare-events seaches. Allowed β-spectrum shapes are assumed in the analyses related to the reactor antineutrino anomaly and calculations of the spectrum shapes for the involved key forbidden β decays can shed more light to the confidence level of the anomaly. In a promising new method, the spectrum-shape method, the comparison of the computed and measured β spectra for forbidden non-unique β decays helps in pinning down the effective value of g A . The robustness of the method is based on the observations that the computed spectra are relatively insensitive to the adopted mean-field, nuclear models and model Hamiltonians. The spectrum-shape method can also be used to pin down the amount of enhancement in the axial-charge matrix element for the first-forbidden non-unique J + ↔ J − transitions. Further exploratory theoretical work has to be done in the future and measurements of electron spectra for the potentially found key non-unique β transitions are strongly encouraged.
